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Abstract
Two-loop contributions to the anomalous correlation function 〈Jµ(x)Jν(y)Jρ(z)〉 of three chiral currents
are calculated by a method based on the conformal properties of massless field theories. The method
was previously applied to virtual photon diagrams in quantum electrodynamics, and it is extended here
to diagrams with scalars and chiral spinors in the abelian Higgs model and in the SU(3) × SU(2) × U(1)
standard model. In each case there are nonvanishing contributions to the gauge current correlator from
self-energy insertions, vertex insertions and nonplanar diagrams, but their sum exactly vanishes. The two-
loop contribution to the anomaly therefore also vanishes, in agreement with the Adler-Bardeen theorem.
An application of the method to the correlator 〈Rµ(x)Rν (y)Kρ(z)〉 of the R and Konishi axial currents in
supersymmetric gauge theories which was reported in hep-th/9608125 is discussed here. The net two-loop
contribution to this correlator also vanishes.
1
1 Introduction
The chiral anomaly discovered long ago by Adler [1] and Bell and Jackiw [2] is a seminal concept of quantum
field theory. The absence of radiative corrections to the one-loop anomaly is of central importance in
applications to neutral pion decay, to the structure of fermion families in the standard model, to mathematical
contact between gauge theory and the Atiyah-Singer index theorem [3], and many other questions. One
might have thought that this matter was settled by the early work of Adler and Bardeen [4] which involved
regularizations of the theory, or by the general renormalization group argument [5] for anomalies of global
currents, or by BRS cohomology arguments [6] for gauge current anomalies. Yet there is much literature
which disputes the common wisdom [7, 8, 9, 10]. Further a certain level of suspicion of general theorems
has proved to be healthy for theoretical physics, not necessarily because proofs can be wrong, but because
inappropriate assumptions can be made in the hypotheses. For example, the particular order of the operations
of regularization and computing the axial vector divergence which was used in [4] can be questioned.
Thus explicit calculations of possible radiative corrections to the anomaly in chiral gauge theories are
illuminating. A violation of the Adler-Bardeen theorem in the standard model would be particularly signifi-
cant because it would call to question one of its most attractive features, namely that the one-loop anomaly
cancellation between quarks and leptons occurs so naturally and is sufficient to make the theory consistent.
We therefore study two-loop contributions to the gauge correlator 〈Jµ(x)Jν(y)Jρ(z)〉 in the abelian Higgs
model1, which is a simplified form of the standard model, and then extend the treatment to the full glory
of the SU(3)× SU(2)× U(1) standard model, where there are four independent possibly anomalous corre-
lators to be checked. In all cases the net sum of self-energy plus vertex insertions plus nonplanar diagrams
vanishes. So the full two-loop current correlators vanish, and their would be anomalous divergences vanish,
thus validating by explicit calculation the conventional wisdom concerning radiative corrections to the chiral
anomaly.
In our method the current correlator is calculated directly in Euclidean position space using a simplifying
change of variables suggested by the conformal properties of the correlator to perform the internal integra-
tions. Conformal symmetry also explains why the net two-loop correlator 〈Jµ(x)Jν(y)Jρ(z)〉 vanishes, when
one might have expected only the vanishing of its divergence ∂
∂xµ
〈Jµ(x)Jν (y)Jρ(z)〉. The two-loop correlator
is conformal covariant for massless internal lines, and one can show that for any conformal covariant con-
tribution the abnormal parity part of the third rank tensor correlator vanishes if and only if its divergences
vanish.
This method was previously used by Baker and Johnson [13] to compute the two-loop vector and axial
vector vertex functions in massless quantum electrodynamics. The ideas of the more comprehensive position
space method of differential renormalization [14] also play a role, but the specific two-loop calculations
required to test the anomaly in this method do not require regularization or cutoff. The basic ideas of the
method are described in Section 2. The gauge covariant derivative in the abelian Higgs model is
Dµψ = (∂µ + ig(αL+ βR)Aµ)ψ (1.1)
where L and R are chiral projectors. We begin calculations in Section 3 at the point β = −α = 1/2,
i.e. pure axial coupling, because this is the point at which one can choose a gauge in which the one-loop
fermion vertex function and self-energy are finite. This eliminates all subdivergences in the two-loop current
correlator graphs. The modifications required to handle all values of α, β are described in Section 4. Due to
parity non-conservation there is no true finite gauge for the vertex and self-energy functions, but we show
that there is an effective finite gauge in which the two-loop vertex and self-energy insertion contributions to
〈Jµ(z)Jν(x)Jρ(y)〉have no subdivergences. In Section 5 the method is extended to the SU(3)×SU(2)×U(1)
standard model. We assume the usual couplings for which the one-loop anomalies cancel. There are then
no genuinely new graphs to compute, but the effective finite gauge mechanism is more complicated than
before. In supersymmetric gauge theories there are two formally conserved axial currents: the R-charge
current Rµ(x) and the Konishi current Kµ(x). The correlator 〈Rµ(x)Rν(y)Kρ(z)〉 was calculated by the
present methodology as part of a recent study [15] of the OPE’s of the superconformal algebra. Details were
not discussed in [15], and they are briefly presented in Section 6 below.
1Our investigation was motivated by papers of Cheng and Li [11] in which a nonvanishing two-loop anomaly was obtained
in this theory. A subtle error has recently been found [12], and there is now agreement on the vanishing of the anomaly.
2
2 The Method
Although conformal symmetry is concretely used in our work largely to motivate a change of variables
which simplifies the required two-loop Feynman integrals, we believe that it is useful to explain the method
from a more fundamental standpoint. It is well known (see, for example, [16]) that the conformal group
of Euclidean field theory is O(5, 1), and that all transformations which are continuously connected to the
identity are obtained by combining rotations and translations with the basic conformal inversion
xµ =
x′µ
x′2
∂xµ
∂x′ν
= x2
(
δµν − 2xµxν
x2
)
≡ x2 Jµν(x) . (2.1)
The Jacobian tensor Jµν(x) = Jµν(x
′), which is an improper orthogonal matrix, will be very useful for us.
Because Det J = −1, the inversion is a discrete operation [16], similar to parity, and not an element of the
continuous component of O(5, 1) which contains the identity.
The Euclidean action of the massless U(1) Higgs model is
S =
∫
d4x
[
1
4F
2
µν +DµφDµφ+ ψγµDµψ − f ψ(Lφ+Rφ)ψ − λ4 (φφ)2
]
Dµφ = (∂µ + igAµ)φ Dµψ = (∂µ + igAµ (αL+ βR))ψ (2.2)
β − α = 1 γ5 = γ1γ2γ3γ4 L = 12 (1− γ5) R = 12 (1 + γ5)
It is invariant under conformal transformations in the continuous component of O(5, 1), but not necessarily
under inversion since that question is related [17] to invariance under discrete symmetries. For the special
choice β = −α = 1/2, where we have a parity conserving theory with pure axial gauge coupling, invariance
holds under the transformations
φ(x) → φ′(x) = x′2φ(x′)
ψ(x) → ψ′(x) = x′2γ5/x′ψ(x′) (2.3)
ψ(x) → ψ′(x) = x′2 ψ/x′γ5 (2.4)
Aµ(x) → A′µ(x) = −x′2 Jµν(x′)Aν(x′) ,
as can be verified with diligence and the help of the relations
d4x =
d4x′
x′8
/x′γµ/x
′ = −x′2 Jµν(x′)γν . (2.5)
Inversion invariance does not hold in the general chiral theory, and it is not required for our application.
It is important that correlation functions are constructed from Feynman rules in which the vertex factors
and propagators have simple inversion properties. In particular the scalar and spinor propagators transform
as
∆(x− y) = 1
4pi2
1
(x− y)2 =
1
4pi2
x′2y′2
(x′ − y′)2 .
S(x− y) = −/∂∆(x− y) = 1
2pi2
/x− /y
(x− y)2 = −
1
2pi2
x′2y′2/x′
(/x′ − /y′)
(x′ − y′)4 /y
′ . (2.6)
The gauge field propagator is another story [13]. In the usual family of covariant gauges one has
∆µν =
1
4pi2
[
δµν
(x − y)2 −
1
2
Γ
Jµν(x− y)
(x− y)2
]
(2.7)
where Γ = 0 is the Feynman gauge and Γ = 1 is the Landau gauge. Only the second term transforms as
expected under inversion, since
Jµν(x− y) = Jµρ(x′)Jρσ(x′ − y′)Jσν(y′) . (2.8)
3
The full propagator transforms properly only after a gauge transformation is performed [13], and this com-
plicates applications to amplitudes with virtual photons.
It is well known that conformal symmetry restricts the tensorial form of two and three-point correlation
functions and frequently determines these tensors uniquely up to a constant multiple. (For recent discussions,
see [16, 18]). Inversion symmetry is sufficient to determine these restrictions, and the inversion property of
a vector current of dimension 3 is
Jµ(x)→ J ′µ(x′) = x′6Jµν(x′)Jν(x′) . (2.9)
We are primarily interested in the abnormal parity part of the correlator 〈Jµ(x)Jν(y)Jρ(z)〉 of three conserved
currents, and it is known that there is [17] a unique conserved rank 3 tensor function with the inversion
property required by (2.9). The specific form is given, up to a multiplicative constant, by the lowest order
massless fermion axial triangle amplitude (Fig. 1a)
Aµνρ(z, x, y) = (−)Tr γµγ5 S(z − y) γρ S(y − x) γν S(x− z)
=
1
(2pi2)3
Tr
{
γ5γµ
/z − /y
(z − y)4 γρ
/y − /x
(y − x)4 γν
/x− /z
(x− z)4
}
, (2.10)
in which the (-) is the usual factor for a closed fermion loop. The conformal properties can be readily verified
using (2.5-2.6).
For separated points this function obeys all desiderata. It is fully Bose symmetric and conserved on all
three indices. The expected anomaly is a local violation of the conservation Ward identities which arises
because the differentiation of singular functions is involved. There are several ways [14, 19, 20] to obtain
the anomaly from this x-space viewpoint. One way [14], which we now summarize, is to recognize that
the amplitude (2.10) is too singular at short distance to have a well defined Fourier transform. One then
regulates which entails the introduction of several independent mass scales, but the regulated form after the
gamma matrix trace depends only on the ratio of these scales. The regulated amplitude is well defined, and
one can check the Ward identities, which take the expected form
∂
∂zµ
Aµνρ(z, x, y) = az ενρλσ
∂
∂xλ
∂
∂yσ
δ(x− z)δ(y − z) , (2.11)
with similar expressions for the divergences with respect to xν and yρ. The anomaly coefficients az, ax, ay
depend on the ratio of mass scales, and there is no choice of scales which makes all coefficients vanish.
Specifically the sum ax + ay + az = −1/4pi2 is independent of the scales. There is a choice of scales which
makes ax = ay = az = −1/12pi2 which is the Bose symmetric choice relevant for the gauge current correlation
function in the U(1) Higgs model (2.2), and another choice to make ax = ay = 0 which is appropriate for
the correlator of one axial and two vector currents.
A tenet of the space-time approach to renormalization is that the intrinsic ambiguity of a primitively
divergent amplitude is an ultra-local distribution consistent with dimension and symmetry requirements.
This corresponds to the p-space ambiguity of polynomials in external momenta. In this light the ambiguous
part of the tensor amplitude (2.10) is
∆Aµνρ = εµνρσ
[
b1
(
∂
∂xσ
− ∂
∂yσ
)
+ b2
(
∂
∂yσ
− ∂
∂zσ
)]
δ(x− z)δ(y − z) , (2.12)
where b1 and b2 are arbitrary constants. The mass scale dependence of the regulated amplitude is exactly
of this form, and its Fourier transform is just the shift ambiguity due to choice of loop momenta in the
traditional approach to the anomaly [21]. The nugget of this discussion of the space-time approach to the
lowest order axial anomaly is that the well defined amplitude (2.10) for separated points determines the fact
that there is an anomaly of specific strength. The choice of regularization or calculational procedure for the
Fourier transform is just a redistribution of the anomaly between the three parameters ax, ay, az, which does
not affect their sum.
We now return to the discussion of conformal symmetry and its role in the elucidation of possible radiative
corrections to the anomaly. One may question this role because of the common lore that the introduction
of a scale required to handle the divergences of perturbation theory spoils expected conformal properties.
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In general this is true, but the two-loop anomaly diagrams of Higgs models, which are drawn in Fig. 1,
are exceptional. Any primitively divergent amplitude is exceptional when studied in x-space for separated
points, since the internal integrals converge without regularization. The nonplanar diagrams of Fig. 1h are
primitives. Of course there are many other diagrams which contain sub-divergent vertex and self-energy
corrections, and these require a regularization scale. However for the specific choice β = −α = 1/2 which
corresponds to pure axial coupling for the fermion, it is quite easy to see that there is a unique choice
of gauge-fixing parameter Γ which makes the one-loop self energy finite. Since the vertex and self-energy
corrections are related by a Ward identity, each vertex correction is also finite in the same gauge; specifically,
the sum of the three contributing Feynman diagrams is ultraviolet finite. In this “finite gauge” the integrals
in the sum of three vertex insertion diagrams (Fig. 1b,c,d) at each corner of the two-loop triangle converge.
The same statement holds for the integrals in the sum of the two self-energy insertion diagrams (Fig. 1e,f)
on each leg of the triangle.
The photon propagator (2.7) is not conformal covariant, and we will discuss this complication in the next
section. We will show there that the diagrams for which this difficulty occurs are already covered by previous
work [13, 22]. In the remaining diagrams the photon propagator may be replaced by the inversion covariant
second term of (2.7) and a finite gauge can be chosen. We then have the situation that each two-loop
Feynman diagram we need to compute is constructed with inversion covariant propagators and vertices, and
the sums of the self-energy diagrams on each leg and vertex diagrams at each corner are convergent. Then
each of the three nonplanar diagrams and the summed self-energy or vertex insertion diagrams at each leg
or corner of the triange is a conformal covariant contribution to the current correlation function. Each of
these amplitudes must be a multiple of the unique conformal tensor Aµνρ of (2.10), and we will show that
the sum of the separate contributions to the net two-loop correlator vanishes. Further, we will show that the
conformal inversion can be used as a transformation of the integration variables which makes the calculation
of the eight-dimensional integrals easy and also gives an explicit verification of the conformal properties we
have discussed above.
3 The U(1) model for β = −α = 1/2
Euclidean correlation functions for the theory are constructed using the propagators of (2.6) and (2.7), the
vertex rules which can be read from the action (2.2), and the instruction to integrate
∫
d4u over each internal
vertex of a diagram.
To illustrate the way conformal symmetry is used in our work, we first study the non-planar graph of Fig.
1h. Its amplitude is conformal covariant since no issues of subdivergences and gauge choice arise. The idea is
to use the inversion, uα = u
′
α/u
′2 and vα = v
′
α/v
′2, as a change of variable in the internal integrals. In order
to use the simple conformal properties of the propagators (2.6) we must also refer the external points to their
inverted images, e.g. xµ = x
′
µ/x
′2. If this is done for a generic configuration of x, y, z, there is nothing to be
gained because the same integral is obtained in the u′, v′ variables. However if we use translation symmetry
to place one point at 0, say z = 0, it then turns out that the propagators attached to that point drop out of
the integral, essentially because the inverted point is at ∞, and the integrals simplify.
After summing over both directions of Higgs field propagation and elementary manipulation of chiral
factors L and R, the amplitude for the graph (Fig. 1g) can be written as
Nµνρ (0, x, y)
=
ig3f2
512pi12
∫
d4u d4v
( vµ
u2v4
− uµ
u4v2
)
Tr γ5γρ
/y − /u
(y − u)4
/u− /x
(u− x)4
γν
/x− /v
(x− v)4
/v − /y
(v − y)4
, (3.1)
The integration variables u, v each appear in three denominators. This is not necessarily fatal, and indeed
the u and v integrals can be evaluated in closed form using Feynman parameters [12]. However, we will
see that the conformal inversion leads to simpler integrals. The change of variables outlined in the previous
paragraph can be made with the help of (2.5–2.6) and the Higgs current transformation
vµ
u2v4
− uµ
u4v2
= u′2v′2
(
v′µ − u′µ
)
. (3.2)
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Figure 1: One and two-loop contributions to the anomaly in the abelian Higgs theory. There is a chiral
current at each corner of the triangle. Solid lines are fermions, dashed lines scalars and wavy lines gauge
fields. The filled dot in (g) is a local self-energy renormalization. Not shown are the same two-loop diagrams
rotated ±120◦ and diagrams with the opposite direction of fermion flow for all but the nonplanar diagram
(h), and it is understood that in (b), (c), (e) and (h) both directions of Higgs propagation are included. The
coordinate and Lorentz indices correspond to the integrals in Section 3, and we refer to (b)-(h) with and
without these indices (by their general topology) in the text.
Spinor propagator “side factors” e.g. /x′, /u′, etc. all collapse within the trace, and the Jacobian (u′v′)
−8
cancels with factors in the numerator giving the result
Nµνρ (0, x, y) =
ig3f2
512pi12
x′6y′6 Jνν′(x
′)Jρρ′ (y
′) N˜µν′ρ′
N˜µν′ρ′ =
∫
d4u′ d4v′ (v′µ − u′µ)Tr
[
γ5γρ′
/y′ − /u′
(y′ − u′)4
/u′ − /x′
(u′ − x′)4 γν′
/x′ − /v′
(x′ − v′)4
/v′ − /y′
(v′ − y′)4
]
. (3.3)
We see the expected transformation factors for the currents at x and y times an integral in which u′ and v′
each appear in only two denominators. Such convergent tensorial convolution integrals can be done by several
methods. We have used Gegenbauer polynomial methods [23], and the results are tabulated in Appendix A.
When these results are used and substituted within the trace, one finds the final amplitude
Nµνρ (0, x, y) = − ig
3f2
512pi8
x′6y′6 Jνν′(x
′)Jρρ′ (y
′)
Tr γ5γµγρ′γν′ (/x
′ − /y′)
(x′ − y′)4 . (3.4)
The result above may be compared with the amplitude of the one-loop triangle graph (Fig. 1a) (with
one direction of charge flow).
Bµνρ(z, x, y) =
ig3
8
Aµνρ(z, x, y) , (3.5)
where Aµνρ is given in (2.10). At z = 0, and referred to inverted points x
′, y′, this reads
Bµνρ(0, x, y) =
ig3
8(8pi6)
x′6y′6 Jνν′(x
′)Jρρ′ (y
′)
Tr γ5γµγρ′γν′ (/x
′ − /y′)
(x′ − y′)4 . (3.6)
One may now observe that the non-planar amplitude is just a numerical multiple of the unique conformal
tensor (2.10) as discussed in Section 2. The result may be written
Nµνρ(0, x, y) = − f
2
8pi2
Bµνρ(0, x, y) . (3.7)
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The non-planar graphs with scalar vertices at x and y must give the same result by triangular symmetry.
However, our method of evaluation of the amplitude has singled out the point z = 0. Therefore a check on
the result can be determined by applying the inversion to the amplitudes for the ±120◦ rotated diagrams
with z = 0. The integral in inverted variables involves a different set of convolution integrals, and we have
checked that it gives the same result (3.7).
We now discuss, following [13], the finite gauge mechanism for the one-loop self-energy and vertex cor-
rections which are ingredients of our study of the two-loop anomaly. After a little algebra the sum of the
Higgs and photon self-energy graphs can be written as
Σ(v − u) = 1
8pi4
[
f2 +
1
2
g2 (1− Γ)
]
/v − /u
(v − u)6 + a /∂ δ
4 (v − u) . (3.8)
The first term is the separated point part of the amplitude which is completely determined by the Feynman
rules. It is a singular function of v− u whose Fourier transform is linearly divergent. By choosing the gauge
Γ = 1 + 2f2/g2, the amplitude is made finite. It vanishes for separated points, but there is a possible local
term, the second term in (3.8), which is left ambiguous by the Feynman rules. The finite constant a will be
determined by the Ward identity.
The amplitudes of the three vertex subgraphs in the diagrams (Fig. 1b,c,d) are
V (1)ρ (y, v, u) =
−igf2
32pi6
γ5
1
(v − u)2
/v − /y
(v − y)4 γρ
(/y − /u)
(y − u)4 , (3.9)
V (2)ρ (y, v, u) = −
igf2
32pi6
γ5
1
(v − y)2
←→
∂
∂yρ
1
(y − u)2
/v − /u
(v − u)4 . (3.10)
V (3)ρ (y, v, u) =
ig3
128pi6
γ5γα
/v − /y
(v − y)4 γµ
/y − /u
(y − u)4 γβ
[
δαβ
(
1− 12Γ
)
(u− v)2 +
Γ (u− v)α(u− v)β
(u− v)4
]
. (3.11)
Each contribution has a logarithmic divergent Fourier transform, and we consider the Fourier transform at
zero fermion momentum to study finiteness properties; that is, we consider the integrals
∫
d4u d4v Vρ(y, v, u).
Let us examine first the single integral
∫
d4v Vρ(y, v, u) which can be simplified by taking the point y = 0.
We will discuss these integrals in some detail because the same integrals will occur in the vertex insertion
diagrams of the two-loop current correlator.
We see that the required integrals are again convergent convolution integrals. Using the tabulation in
Appendix A, we obtain ∫
d4v V (1)ρ (0, v, u) =
igf2
32pi4
γ5 /u γρ /u
u6
= − igf
2
32pi4
γ5γσ
(
δσρ
u4
− 2uσuρ
u6
.
)
(3.12)∫
d4v V (2)ρ (0, v, u) =
igf2
32pi4
γ5γρ
u4
. (3.13)
∫
d4vV (3)ρ (0, v, u) =
ig3
128pi4
γ5γαγσγρ/uγβ
u4
[(
1− 1
4
Γ
)
δαβ uσ
u2
− 1
4
Γ
(
δασuβ + δβσ uα
u2
− 2uαuβuσ
u4
)]
=
ig3
128pi4
γ5γα
u6
[(
u2δαρ − 4uαρ
)
+ (1− Γ)δαµ u2
]
. (3.14)
Consider next the second integration
∫
d4u
∫
d4v Vρ(0, v, u) which gives the zero momentum vertex func-
tion. The δαρ/u
4 terms give the expected logarithmic divergence, but the integrals over the traceless tensor
(u2δαρ−4uαuρ)/u6 converge by symmetric integration. One sees that the sum of the divergent contributions
from (3.12), (3.13) and (3.14) is proportional to
2f2 − 4f2 − g2(1− Γ) , (3.15)
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and therefore vanishes in the same gauge that makes the self-energy finite. Henceforth we will use this gauge.
The Ward identity for the theory may be derived by standard functional methods or obtained directly
from the vertex amplitudes (3.9-3.11) using the relation
✷
1
(y − u)2 = −4pi
2 δ4(y − u) . (3.16)
The result is
∂
∂yρ
Vρ(y, v, u) = −i1
2
gγ5 (δ
4(y − v)− δ4(y − u))Σ(v − u) . (3.17)
We wish to determine the constant a in the self-energy (3.8). This would appear in (3.17) as the coefficient of
a very singular distribution, so we integrate with respect to the smooth test function 1 and use the integrated
Ward identity
∂
∂yρ
∫
d4v Vρ(y, v, 0) = −i1
2
gγ5Σ(y) . (3.18)
In the finite gauge the only contributions to the integral in (3.18) come from the traceless tensor structures
in (3.12) and (3.14), and we have∫
d4v Vρ(y, v, 0) =
ig
16pi4
(f2 − 1
2
g2) γ5γσ
(
yσyρ
y6
− δσρ
4y4
)
. (3.19)
The singular tensor can be expressed as the traceless form
yσyρ
y6
− δσρ
4y4
=
1
8
(
∂σ∂ρ − 1
4
δσρ✷
)
1
y2
, (3.20)
which is a well defined distribution, and its divergence is easily obtained:
∂
∂yρ
(
yσyρ
y6
− δσρ
4y4
)
= −3pi
2
8
∂σ δ
4(y) . (3.21)
Combining (3.18-3.21) one finds the self-energy in the finite gauge
Σ(y) =
3
64pi2
(f2 − 1
2
g2) /∂ δ4(y) . (3.22)
It is this result for Σ(v−u) which is to be used to evaluate the self-energy insertion contributions (Fig. 1g)
to the two-loop anomalous current correlation function. Because (3.22) is purely local, the integral
∫
d4u d4v
required for the graph of Fig. 1g is trivial. Specifically the δ4(v−u) in (3.22) can be used to do the u-integral,
and /∂v acts on the resulting propagator giving a second δ-function which can be used to do the v-integral.
The result is that the sum of the self-energy insertion graphs (Fig. 1e,f,g) is a multiple of the one-loop
amplitude
Σµνρ(z, x, y) =
3
64pi2
(
f2 − 1
2
g2
)
Bµνρ(z, x, y) . (3.23)
Let us now discuss the diagrams which remain to be evaluated. The diagrams (Fig. 2a) with three virtual
boson lines vanish trivially because the fermion trace vanishes. Next come the vertex insertion diagrams. It
is convenient to view each virtual photon diagram as the sum of two graphs, one with the photon propagator
in the Landau gauge Γ = 1, and the second with inversion covariant pure gauge propagator
∆˜µν(u− v) = − 1
8pi2
γ f2
g2
1
(u− v)2 Jµν(u− v) , γ = 2 . (3.24)
The Landau gauge graphs give order g5 contributions to the two-loop 〈JµJνJρ〉 correlator, and the remainder
gives an order g3f2 contribution. We now discuss these separately. The Landau gauge propagator is
conformal covariant only after regauging by adding a gradient term given in [13]. So the sum of all virtual
photon diagrams is conformal covariant, but individual virtual photon vertex insertion diagrams (Fig. 1d) are
8
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Figure 2: Vanishing contributions to the three-current correlators. Diagrams (b), (c) and (d) are only present
in correlators with nonabelian gauge currents, and are discussed in Section 5.2.
not, and are not simplified by the simple inversion discussed at the beginning of this section. Nevertheless the
photon vertex contributions to the two-loop 〈AµVνVρ〉 correlator in quantum electrodynamics were calculated
by related but more complicated techniques in [13]. The net contribution to the correlator of vertex and
self-energy insertions was found to vanish there, thus verifying the Adler-Bardeen theorem through two-loop
order in QED. It is quite easy to see that, after clearing γ5 factors, all Landau gauge virtual photon diagrams
of Fig. 1d in the axial coupled abelian Higgs model are a uniform factor of 1/8 times the same graphs in
QED. So it is fortunate that the work of [13] can be taken over to our case with the immediate result that the
net contribution of Landau gauge virtual photon graphs to the gauge current correlator 〈JµJνJρ〉 vanishes.
Specifically the sum of the Landau gauge vertex insertions and the order g5 part of the self-energy insertions
(second term in 3.23) vanishes.
We now study the order g3f2 vertex insertion contributions to the three-point current correlator. These
include virtual Higgs diagrams plus a virtual photon diagram with the propagator (3.24). Each of these
graphs has a conformal covariant integrand, so the inversion technique can be applied. The amplitude for
the diagram shown in Fig. 1b is, with z = 0,
V (1)µνρ(0, x, y) =
ig3f2
512pi12
∫
d4u d4v
(u− v)2 Tr
[
γ5
/v − /y
(v − y)4 γρ
/y − /u
(y − u)4
/u− /x
(u− x)4 γν
/x
x4
γµ
/v
v4
]
. (3.25)
The inversion may be performed; Jacobian factors again cancel and the trace simplifies giving
V (1)µνρ =
ig3f2
512pi12
x′6y′6 Jνν′(x
′)Jρρ′(y
′)V˜
(1)
µν′ρ′
V˜
(1)
µν′ρ′ =
∫
d4u′ d4v′
(u′ − v′)2 Tr
[
γ5
/v′ − /y′
(v′ − y′)4 γρ′
/u′ − /x′
(u′ − x′)4 γν′γµ
]
. (3.26)
In both (3.25) and (3.26) the first three factors in the integrals are exactly those of the vertex function
V
(1)
ρ (y, v, u). The major difference between (3.25) and (3.26) is that the /x/x4 and /v/v4 propagators have
disappeared. The variable v′ now appears in two denominators, and the v′ integral is exactly the integral
(3.12) with u→ u′ − y′. We can thus write
V˜
(1)
µν′ρ′ = −2pi2
∫
d4u′
(
(u′ − y′)σ (u′ − y′)ρ′
(u′ − y′)6 −
1
2
δσρ′
(u′ − y′)4
)
(u′ − x′)λ
(u′ − x′)4 Tr γ5γσγλγν′γµ . (3.27)
The u′ integral diverges logarithmically as u′ → y′ reflecting the logarithmic divergence of individual
vertex diagrams. However we must now add the contributions of the diagrams of Fig. 1c,d in which the
vertex parts of V (2) and V (3) of (3.10-3.11) will appear (the latter with modified photon propagator (3.24)).
After the inversion process, one finds that the /x/x4 and /v/v4 propagators disappear, so that the v′-integrals
are again those of (3.13) and (3.14). We now consider the sum of V
(1)
ρ , V
(2)
ρ and gauge-modified V
(3)
ρ insertions
in the two-loop diagrams. It follows by inspection of (3.12-3.13) that the net effect of the sum is to reduce
the coefficient of the δσρ′ term in (3.27) by a factor of 2 giving a traceless tensor in those indices, so that
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the remaining convolution integral in u′ is convergent and may be read from (A.10). The result for the net
sum of vertex insertions at point y of the two-loop triangle is
V˜µν′ρ′ =
pi4
4
Tr γ5γµγρ′γν′ (/x
′ − /y′)
(x′ − y′)4 . (3.28)
When combined with the prefactors in (3.26) and expressed as a multiple of the one-loop amplitude one
obtains
Vµνρ(0, x, y) =
f2
64pi2
Bµνρ(0, x, y) . (3.29)
The vertex insertions at points x and z must give the same contribution. Again, we have studied the
insertions at point z using a conformal inversion at z → 0. A considerably more difficult set of integrals
results in the inverted variables, but the final result agrees with (3.29).
The various contributions to the order g3f2 amplitude must now be combined with careful attention
to combinatorics. There is a factor of 3 from the triangular symmetry, and a factor of two for opposite
directions of fermion charge flow for self-energy and vertex insertions, but not for the nonplanar diagrams.
(From Fig. 1h we can see that the exchange x↔ y produces a topologically equivalent diagram.) Therefore
our results (3.7),(3.23) (with (f2 − 12g2)→ f2) and (3.29) must be added with weights
3Nµνρ + 6(Vµνρ +Σµνρ) = −3f
2
8pi2
(
1− 1
4
− 3
4
)
Bµνρ , (3.30)
showing that the net order g3f2 contribution to the gauge current correlation function 〈Jµ(z)Jν(x)Jρ(y)〉
vanishes.
It will be useful for our treatment of more general chiral gauge theories to give an alternative discussion of
the integrals in the vertex insertion graphs. We have seen that after conformal inversion the
∫
d4v′ of the three
different vertex subgraphs can be read directly from (3.12-3.14). These expressions show that the dependence
on the remaining variable u (which is transformed to u′− y′ in the two-loop graphs) is a superposition of an
“s-wave” δσµ/u
4 and a “d-wave” (uσuµ − 14 δσµ u2)/u6 tensor form. For the pure gauge propagator (3.24),
only the vertex diagram V
(1)
µ has a d-wave, and the s-waves of
∫
d4v V
(1)
µ ,
∫
d4v V
(2)
µ ,
∫
d4v V
(3)
µ are in the
ratio of 1 : −2 : 12γ. The final integral
∫
d4u′ in the sum of the three graphs diverges unless the net s-wave
amplitude cancels, and this selects the value γ = 2 as the gauge parameter which makes the vertex insertion
subgraphs finite.
4 The general U(1) model.
The action of this model has already been given in (2.2), and the Feynman rules differ from the special case
treated in Sec. 3 only in the gauge vertex factors which now carry the chiral factors −iγµ(αL + βR). We
find it convenient to use the two coupling parameters β and α and impose the relation β − α = 1 required
for gauge invariance selectively as necessary.
The major technical problem of the more general model is that there is no true finite gauge due to the
chiral gauge couplings. This is immediately clear from the one-loop self-energy amplitude
Σˆ(v − u) = 1
8pi2
[
f2 + 2g2(α2R+ β2L)(1− Γ)] /v − /u
(v − u)6 + (aL+ bR) /∂v δ
4(v − u) (4.1)
where, as in (3.8), we have included a possible local term. One sees that for f 6= 0 and α2 6= β2 there is
no value of the gauge parameter Γ which eliminates the ultraviolet singular 1/(v − u)5 factor. Nevertheless
we will see that there is an effective finite gauge which makes the abnormal parity part of self-energy and
vertex insertions on each line or each corner of the two-loop triangle finite.
Let us consider first all order g3f2 contributions to the current correlator including all virtual Higgs
graphs plus virtual photon graphs with a pure gauge propagator similar to (3.24) but with γ a numerical
factor to be determined. It is easy to obtain the amplitude of the non-planar graph. Clearing the chiral
factors and comparing with the previous case (3.3), one sees that we now have
Nˆµνρ(0, x, y) = −4αβ Nµνρ , (4.2)
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where ˆ denotes the amplitude in the more general model.
For a given direction of fermion charge flow each vertex or self-energy insertion graph contains both
normal and abnormal parity amplitudes. It follows from Furry’s theorem that the normal parity part cancels
and the abnormal parity part doubles in the sum of the two graphs with opposite charge flow, so we can
restrict our attention to the abnormal parity parts. We let Vˆ
(i)
µνρ (z, x, y) for i = 1, 2, 3 denote the abnormal
parity part of the two-loop vertex graphs with vertex subgraph V
(i)
ρ (y, v, u) inserted at one corner. The
subgraph amplitudes are given in (3.9–3.11) for β = −α = 1/2.
One can again manipulate chiral factors and compare with the previous case to find,
Vˆ (1)µνρ (z, x, y) = −4αβ V (1)µνρ (z, x, y) .
Vˆ (2)µνρ (z, x, y) = 2(α
2 + β2)V (2)µνρ (z, x, y) . (4.3)
Vˆ (3)µνρ (z, x, y) = 16(β
5 − α5)V (3)µνρ (z, x, y) .
The relation β − α = 1 has been used in the first equality.
We now recall our discussion at the end of Section 3 of the integrals which occur in the vertex insertion
graphs after the conformal inversion is implemented. The integral
∫
d4v′ gave the sum of d-wave and s-wave
tensors in u′− y′ for V (1) and pure s-waves for V (2) and V (3) with s-waves occurring in the ratio 1 : −2 : 12γ.
The gauge parameter γ must be chosen so that the net sum of the s-waves vanishes. To implement this
condition we must now weight the coefficients in (4.3) by 1, -2 and 12γ thus obtaining
−4(α2 + αβ + β2) + 8γ(β5 − α5) = 0
γ =
(β3 − α3)
2(β5 − α5) (4.4)
for the choice of gauge fixing parameter which makes the sum of order g3f2 vertex insertion subgraphs at
each corner of the triangle finite. For this choice the residual finite contribution to 〈Jµ(z)Jν(x)Jρ(y)〉 comes
just from the d-wave tensor of V (1), and can be directly read from (4.3) as
Vˆµνρ (z, x, y) = Vˆ
(1)
µνρ + Vˆ
(2)
µνρ + Vˆ
(3)
µνρ
= −4αβ Vµνρ (4.5)
where Vµνρ is given in (3.29).
Finally we must consider the self-energy insertion graphs. We must check that they are finite in the same
gauge as the vertex insertion diagrams, and we must determine the contribution of possible local terms in
Σ(u − v), i.e. a or b in (4.1). To check finiteness we consider the insertion of Σ(v − u) of (4.1) into the
two-loop graph (Fig. 1e,f,g). We move all chiral factors in the graph to the clockwise side of the inserted
Σ(v − u). This gives
(α3R+ β3L)Σ(v − u) = 1
8pi2
[
f2(α3R+ β3L)− 2g2Γ(α5R+ β5L)] /v − /u
(v − u)6 .
+(α3bR+ β3aL)/∂v δ
4(v − u) (4.6)
The sum over graphs with opposite direction of fermion charge flow selects the abnormal parity part, namely
1
16pi2
[
f2(α3 − β3)− 2g2Γ(α5 − β5)] γ5 /v − /u
(v − u)6
+
1
2
(α3b− β3a) γ5 /∂v δ4(v − u) . (4.7)
This effective self-energy must be multiplied by propagators for adjacent fermions and integrated
∫
d4v d4u .
The integral diverges unless the gauge parameter is chosen so that the singular 1/(v − u)5 term in (4.7)
cancels. It is a relief, but hardly a surprise, to see that cancellation occurs for the value of γ given in (4.4),
which also makes vertex contributions finite.
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We now see that, in the effective finite gauge, the abnormal parity part of the self-energy insertion
(Fig. 1e,f,g) involves only the local part of Σ(v − u) (Fig. 1g) given by the second term in (4.7). The
singularities from the diagrams shown in Fig. 1e and Fig. 1f cancel. The local term will now be obtained
from the Ward identity
∂
∂yρ
Vˆρ (y, v, u) = ig(αR+ βL)[δ
4(y − v)− δ4(y − u)]Σˆ(v − u) (4.8)
obtained by direct differentiation of the vertex graphs Vˆ
(i)
ρ of the model with general couplings. The inte-
grated form, which is the generalization of (3.18), is
∂
∂yρ
∫
d4v Vˆρ (y, v, 0) = ig(αR+ βL)Σˆ(y) . (4.9)
We now note that in the environment of the larger two-loop graphs (Fig. 1b,c,d), all vertices at the
y-corner of the triangle acquire the factorα2R + β2L obtained by moving the αL + βR projectors at the z
and x corners to the clockwise side of the point v. We are thus specifically interested in the abnormal parity
part of the effective Ward identity
(α2R+ β2L)
∂
∂yρ
∫
d4v Vˆρ (y, v, 0) = ig(α
3R+ β3L)Σˆ(y) , (4.10)
and we observe that the chiral factor on the right side is exactly that of the effective self-energy insertion in
(4.6).
In the effective finite gauge (4.4) the integral in (4.10) involves only the d-wave tensor from the Vˆ
(1)
ρ
amplitude. This contains an additional αL + βR chiral vertex factor, so the coefficient of the abnormal
parity part of (4.10) comes from α2β R+β2αL and gives − 12αβ γ5. The value of the integral is then a factor
of two times (3.19) (with f2− 12g2 replaced by f2 in (3.19) since we are now considering the order f2 terms
only). After computing the ∂/∂yρ divergence, as in (3.20–3.21), the abnormal parity part of (4.10) reads,
after dropping the factor ig on both sides,
− αβ 3f
2
64pi2
γ5 /∂ δ
4(y) = (α3R+ β3L)Σˆ(y) |abn.
par.
. (4.11)
This equation gives γ5 times the effective self-energy including chiral factors from the corners of the two-loop
triangle. With a little thought we can then see that each self energy graph of the general chiral theory is
related to (3.23) by
Σˆµνρ (z, x, y) = −4αβΣµνρ (z, x, y) . (4.12)
(An extra negative sign has been gained by moving the γ5 past the propagator S(z−v) to its original position
in the trace of the two-loop graphs.)
The results (4.2),(4.5) and (4.12) show that all contributions to the abnormal parity part of the 〈JµJνJρ〉
correlators in the U(1) Higgs theory with general chiral couplings are a uniform factor of −4αβ times the
corresponding contributions in Section 3. Thus the sum of all order g3f2 terms in the correlation function
vanishes.
We now discuss the order g5 virtual photon contributions. We see from (4.1) and (3.15) that the Landau
gauge is a true finite gauge which makes the one-loop vertex and self-energy graphs entirely finite. This
makes the argument simpler. We first note that all order g5 graphs contain the chiral factor (αL + βR)5,
whose abnormal parity part is just 12 (β
5−α5) times the corresponding graph in the QED correlator studied
in [13]. Further, when chiral factors are extracted from the Ward identity (4.9) one can see that it coincides
with the QED Ward identity used by [13] to determine the local part of the self-energy. So the analysis of
[13] applies in its entirety and shows that the two-loop 〈JµJνJρ〉 correlator also vanishes in the chiral U(1)
model.
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5 Standard model anomalies.
We next calculate the two loop anomalies in the SU(3)×SU(2)×U(1) gauge theory with one generation of
quarks and leptons. All fields are massless.
The Euclidean Lagrangian is
L = 1
4
→
Fµν ·
→
Fµν +
∑
quarks
leptons
ψiIγ
µ
[
∂µ − ig3 δijδψ,quark TAIJ GAµ
− ig2
2
δIJ τ
a
ijW
a
µL−
ig1
2
δijδIJ (YLL+ YRR)Bµ
]
ψjJ
+φ†
(
←
∂ µ +
ig1
2
→
τ · →Wµ + ig1
2
Bµ
)(
∂µ − ig2
2
→
τ · →Wµ − ig1
2
Bµ
)
φ
−fl
(
li φiRe+ e φ
†
iL li
)
− fd
(
qi φiRd+ dφ
†
iL qi
)
−fu
(
qi
(
iτ2
)
ij
φ†j Ru+ uφj
(
iτ2
)
ji
L qi
)
− 1
4
λ(φ†φ)2 . (5.1)
τaij are the Pauli matrices and T
A
IJ the Gell-Mann matrices. Bµ is the abelian gauge boson. The non-abelian
gauge bosons W aµ and G
A
µ will be referred to collectively as gluons. Lower case Latin indices (i, j, a) refer to
SU(2); upper case Latin indices (I, J, A) refer to SU(3). li is the lepton SU(2) doublet (ν, e); qi is the quark
doublet (u, d); φi is the Higgs doublet (φ
+, φ0). The leptons and Higgs are singlets under SU(3), while the
quarks are triplets. The U(1) hypercharges of the standard model matter fields are tabulated below. The
one-loop anomalies are easily shown to be absent with this assignment.
YL YR
ν -1 0
e -1 -2 φi : Y=1
u 1/3 4/3
d 1/3 -2/3
Table 1: Fermion and Higgs hypercharges.
The diagrams which contribute to the two-loop anomalies are essentially the same as those considered
in Section 4, except that the fermion and gauge lines now carry group indices. We structure the calculation
by comparison to the previous abelian case with pure axial gauge coupling. There are in addition several
diagrams (Fig. 2b,c,d) not considered previously involving vertices with three non-Abelian gauge bosons,
but we show that they do not contribute because the anomaly vanishes at the one-loop level. The extension
to N generations of quarks and leptons with unitary CKM mixing matrix Mij for the quarks adds no
new complications. Each gauge boson exchange diagram gets the factor TrM †M = N , so each two-loop
contribution to the correlator is identical to that given below times N .
In the standard model there is a potential anomaly for each choice of the three currents in the correlator.
However, each diagram is proportional to the trace of the product of the three corresponding group genera-
tors. Since the trace of any (non-U(1)) generator is zero, the only three-current correlators which are poten-
tially nonvanishing are 〈J1J1J1〉, 〈J2J2J2〉, 〈J2J2J1〉, and 〈J3J3J1〉. The SU(3) current is non-chiral; hence
the 〈J3J3J3〉 correlator is not anomalous. Furthermore, after summing over the two directions of fermion
flow, each diagram is proportional to the group theory d-symbols, TrT a{T b, T c}. Since the d-symbols vanish
for SU(2) the correlator 〈J2J2J2〉 vanishes, as well.
The contributions to the abnormal parity part of the two-loop correlators from SU(2) and SU(3) gluon
exchange vanish. All such contributions are proportional to the group theoretic factor which vanishes by the
same condition which enforces the cancellation of the corresponding one-loop anomaly. We take the gauge
parameter Γ for the U(1) vector boson as the Landau gauge value 1 plus a term proportional to the Yukawa
couplings which we will discuss below. One can then show that the Landau gauge contributions to all vertex
and self-energy insertion diagrams for the three-point current correlators vanish by the results of [13].
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The treatment of the ambiguous local part of the self-energy via the Ward identities will be treated in
a different (but equivalent) way from Section 4. We always check that in each gauge invariant sector of
the calculation there is a choice of the U(1) vector boson gauge parameter Γ which makes the would be
divergent s-wave vertex contributions and 1/(u− v)5 self-energy contributions to the abnormal parity parts
of the correlators simultaneously finite (and zero). It is then justified to keep only the d-wave parts of the
once integrated
∫
d4v′ vertex subgraphs, and the same for the integrated Ward identity used to determine
the local part of the self-energy.
5.1 〈J1J1J1〉
The 〈J1J1J1〉 calculation in the standard model is directly analogous to that of the αL+βR theory considered
in Section 4. The only difference is the sum over the SU(2) and SU(3) indices. We first check that the
effective finite gauge mechanism works as in the previous case. It is sufficient that such a gauge exist for
each gauge invariant sector of the calculation. Since the leptons and quarks do not mix to this order we find
separate values for the gauge parameter Γ which make the lepton and quark vertex and self-energy insertions
finite. We calculate the lepton contribution below. The quark calculation is analogous, with the charges
replaced appropriately.
Including the relevant chirality factors and summing the contributions from internal electron and neutrino
propagation, we easily find that the abnormal parity parts of Vˆ (1), Vˆ (2) and Vˆ (3) (Fig. 1b,c,d) are, with the
point z taken to zero,
Vˆ (1)µνρ(0, x, y) =
(−1
2
)3
· 2 · (−4)Y (e)L Y (e)R V (1)µνρ(0, x, y) , (5.2)
Vˆ (2)µνρ(0, x, y) =
(−1
2
)3
· 2 · 2 (Y (e) 2L + Y (e) 2R )V (2)µνρ(0, x, y) , (5.3)
Vˆ (3)µνρ(0, x, y) =
(−1
2
)5
(−16)
∑
neutrino
electron
(Y 5R − Y 5L )V (3)µνρ . (5.4)
where V (1), V (2) and V (3) are the same diagrams in the pure axial U(1) theory considered in Section 3.
The left-handed electron and neutrino form an SU(2) doublet, so they have the same hypercharge Y
(e)
L .
The superscript (e) on the hypercharges denotes explicitly that only the right-handed electron hypercharge
contributes. Of course, this comment is trivial since there is no right-handed neutrino in the theory. but
equations (5.2– 5.4) are valid for the quark contributions as well with the appropriate replacement of lepton
labels by quark labels. For example, the contribution from the fd Yukawa coupling is obtained from (5.2
–5.3) by the replacement Y
(e)
L,R → Y (d)L,R. The factors of (−1/2)3 and (−1/2)5 come from the difference in the
definition of charge from the previous case, and one factor of 2 in (5.2) and (5.3) is due to the SU(2) trace
over the electron and neutrino. The condition for cancellation of divergent s-wave integrals in the sum of
V
(1)
µνρ, V
(2)
µνρ and V
(3)
µνρ can now be written as the sum of the hypercharge coupling factors in (5.2-5.4), each
weighted by the factors −1 : 2 : −γ/2 of the s-wave integrals in (3.12-3.14). This gives the effective finite
gauge condition
Y
(e)
L Y
(e)
R + (Y
(e) 2
R + Y
(e) 2
L ) +
γ
4
∑
(Y 5R − Y 5L ) = 0 . (5.5)
We checked that this condition agrees with that obtained from insisting that the sum of the self energy
diagrams is finite and indeed zero up to the ambiguity of local terms. Note that even if we were to choose
the gauge parameter for the nonabelian gauge fields to be other than the Landau gauge value Γ = 1, the
additional contributions to vertex and self-energy insertions after summing over quarks and leptons are
proportional to the one-loop anomaly, which is zero.
It is easy to check that the nonplanar diagram is multiplied by the same factor as Vˆ (1) when compared
to the pure axial U(1) case, (3.1):
Nˆµνρ(0, x, y) = Y
(e)
L Y
(e)
R Nµνρ(0, x, y) . (5.6)
14
Next we calculate the local part of the self energy which contributes when inserted in the fermion triangle
(Fig. 1g) in the effective finite gauge. If we denote by V µi (z, u, v) the lepton vertex (i=electron or neutrino)
with charge flowing from v to u and by Σ1(u− v) the self energy with charge flowing in the same direction,
then the relevant Ward identity is, as in (4.8),
∂zµV
µ
i (z, u, v) =
ig1
2
[
δ4 (z − v)− δ4(z − u)] (Y iRL+ Y iLR)Σi1(u− v) , (5.7)
This can be integrated to give ∫
d4u ∂zµ V
µ
i = −
ig1
2
(Y iRL+ Y
i
LR)Σ1(z − v) . (5.8)
We calculate the d-wave (traceless) part of the integrated vertex as before, since the s-wave contributions
and the corresponding 1/z5 part of the self-energy vanish in the effective finite gauge. Again, the only d-wave
contribution is from Fig. 1b with a single Higgs exchanged. We find that∫
d4u ∂zµ V
µ
i (z, u, v)
d−wave
=
3ig1f
2
l
16(4pi2)
(2Y
(e)
L Lδi(e) + Y
(e)
R R)/∂zδ
4(z − v) . (5.9)
Projecting out the left and right handed pieces of (5.9) and comparing with the Ward identity (5.8), we find
for the relevant contribution of the local part of the self energy
Σi1(z − v) =
−3f2l
16(4pi2)
(
2
Y
(e)
L
Y
(e)
R
Lδi(e) +
Y
(e)
R
Y
(e)
L
R
)
/∂δ4(z − v) . (5.10)
The δi(e) means that the right handed electron (but not neutrino) flows through Σ.
We insert this self energy into the fermion triangle (Fig. 1g). After pulling together chiral factors and
summing over the electron and neutrino we indeed find a multiplicative factor Y
(e)
L Y
(e)
R times the result in
the pure axial case considered in Section 3.
Σˆµνρ(0, x, y) = Y
(e)
L Y
(e)
R Σµνρ(0, x, y) , (5.11)
with (f2 − 12g2)→ f2 in Σµνρ (3.23).
Thus the vertex, non-planar and self-energy diagrams are each multiplied by an overall factor of Y
(e)
L Y
(e)
R
times the corresponding diagrams in the pure axial U(1) case treated in Section 3. Note that with α, β →
Y
(e)
L , Y
(e)
R , this result is identical to that of Section 4 up to a factor of (-4) which comes from the difference
in definition of U(1) charge and the sume over electron and neutrino. So the sum of all virtual lepton
contributions to the correlator 〈Jµ1 Jρ1 Jν1 〉 vanishes as in the previous case.
The quark contributions vanish similarly. Note that while the quarks have two different Yukawa couplings,
to this order these couplings do not mix because of the relative chirality flip between the two couplings.
Furthermore, while the up type Yukawa coupling fu in the Lagrangian (5.1) seems more complicated than
the down or electron type, we can redefine the Higgs field to be the SU(2) conjugate φ′i = (iτ2)ij φj , and
then the kinetic term in terms of the conjugated Higgs field looks identical to the previous case except for
a change of sign of the Higgs charge. Then the calculation is identical to the previous case, as long as we
remember that for the up quark YR−YL = 1, while for the leptons and down quark YL−YR = 1 as required
for U(1) gauge invariance of the Yukawa couplings.
Hence the total contribution from the gauge fields and each of the three Yukawa couplings to the two-loop
correlator vanishes, as expected.
5.2 〈J2J2J2〉
We noted earlier that the correlator 〈J2J2J2〉 vanishes by virtue of the fact that the SU(2) d-symbols are all
zero. However, we expect that the vanishing of the anomaly should not depend on the gauge group, so long
as the quarks and leptons are in a representation for which the one-loop anomaly vanishes. We therefore
check that even if we neglect the fact that the group theoretic d-symbols are zero the correlator still vanishes.
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We only require that the trace of the d-symbols over the left-handed fermion representations in the theory
vanishes.
The calculation is remarkably simple as a result of the left-handedness of the SU(2) current. Since the
Yukawa couplings in the Lagrangian (5.1) (5.1) always connect a left-handed field to a right-handed one, it is
easy to see that both the nonplanar diagram and the vertex insertion with a single Higgs exchanged vanish.
The contribution from the self energy is determined via the SU(2) Ward identity and vanishes because the
d-wave part of the vertex contribution vanishes. Since these are the only contributions to the correlator in
the effective finite gauge, which we also checked to exist, the correlator vanishes to two-loops.
It appears at first that there are additional diagrams (Fig. 2b,c,d) which we have not calculated, but they
are all proportional to the one-loop anomaly. Fig. 2b contains the one-loop triangle, so it is immediately
proportional to the one-loop anomaly. The group theory of the other diagrams is easy to work through.
The three-gauge vertex is proportional to the SU(2) structure constant fabc(= εabc). Summing over the
two directions of fermion flow, we see that the abnormal parity part of each of the diagrams (Fig. 2c,d)
is proportional to Tr fade(τbτcτeτd − τdτeτcτb) = Tr fadefedgτb{τc, τg} = −2Tr dabc. So each two-loop
diagram in question contains the factor Tr dabc, where the trace sums over all left-handed fermions in the
theory. The condition Tr dabc = 0 also makes the one-loop anomaly vanish, as promised above. One can
easily check that the same effect occurs for the contribution of the analogous diagrams to the other correlators
discussed below. In both of the cases treated below in Sections 5.3 and 5.4, Fig. 2c,d are proportional to the
factor which makes the corresponding one-loop anomaly vanish.
5.3 〈J1(z)J2(x)J2(y)〉
The calculation of the 〈J1J2J2〉 and 〈J1J3J3〉 correlators is complicated by the fact that the local part of the
self energy calculated from the U(1) Ward identity and the d-wave part of the U(1) vertex is not consistent
with that calculated via the SU(2) (SU(3)) Ward identity and the d-wave part of the SU(2) (SU(3)) vertex.
This is not surprising since the vertex is also ambiguous up to a local term as a result of renormalization.
We are free to fix the arbitrary coefficient of the local self energy, as long as we concurrently add local parts
to the vertices to make them consistent with the Ward identities.
We will use the local part of the self energy calculated in section Section 5.1 and modify the local SU(2)
vertex to make it consistent with this choice. The U(1) vertex is unmodified. Again, we calculate only the
lepton contribution here. The quark contribution is analogous.
First we find the effective finite gauge for this calculation. Note that the d-wave contribution to the
integrated SU(2) vertex vanishes. The left-handed fields do not contribute because at the Yukawa vertex
they become right-handed fields which do not couple to the SU(2) current. The right-handed fields do not
contribute because they are SU(2) singlets; alternatively, their contribution is proportional to Tr τa = 0.
The only nonvanishing two-loop diagram of the form Fig. 1b is from the U(1) vertex, which is inserted at
the point z = 0 in the two-loop triangle. It contributes
Vˆ (1 z) abµνρ =
1
2
Y
(e)
R Tr τ
aτb V (1)µνρ . (5.12)
The label z on Vˆ (1 z) denotes that the vertex is placed at the U(1) corner, which is chosen to lie at point z.
In diagrams of the form Fig. 1c, the two-higgs vertex can lie at the U(1) corner or either of the SU(2)
corners of the triangle. When it lies at the U(1) corner it contributes
Vˆ (2 z) abµνρ = −
1
4
Tr τaτb V (2)µνρ . (5.13)
When it lies at one of the SU(2) vertices it contributes
Vˆ (2x) abµνρ = Vˆ
(2 y) ab
µνρ = −
1
4
Y
(e)
L Tr τ
aτb V (2)µνρ . (5.14)
The contribution to the vertex diagrams from the effective U(1) gauge boson propagator is the same at each
corner of the triangle. It is
Vˆ (3 z) abµνρ = Vˆ
(3x)
µνρ = Vˆ
(3 y) ab
µνρ = −Y (e) 3L Tr τaτb V (3)µνρ . (5.15)
16
µz
ρ bνxay ρ ay bνx
µz
(a) (b)
Figure 3: Contributions to 〈Jµ1 (z)Ja ρ2 (y)Jb ν2 (x)〉 from the SU(2) vertex renormalization. In Section 5.4 we
instead renormalize the U(1) vertex.
Including the relative coefficients of V (1), V (2) and V (3) in (5.12–5.15) in the ratio −1 : 2 : −γ/2 as before
and summing over the three corners of the triangle, we find the condition for the divergent (s-wave) parts
of the vertex diagrams to cancel,
1− γ
2
Y
(e) 2
L = 0 . (5.16)
Although we obtained this result by summing over the three corners of the triangle, the same condition
makes the U(1) and SU(2) vertex contributions separately finite. This is expected because they are related
to the same self-energy insertion graphs by Ward identities, as in (4.10).
We next consider the contribution from the local SU(2) vertex correction to the two-loop correlator. The
relevant SU(2) Ward identity is
∂zµ V
a µ
ji (z, u, v) =
(−ig1
2
)
τaji
[
δ4(z − u)− δ4(z − v)]Σ(u− v)L , (5.17)
where the SU(2) charge flows from i to j and Σ(u − v) is the left-handed part of the self energy (which is
the same for the electron and neutrino).
In the effective finite gauge the sum of the electron and neutrino contributions to the vertex and self-
energy insertions is finite. Equivalently, there are no s-wave parts of vertex insertions, so we can confine
ourselves to just the d-wave part of the Ward identity and speak separately about the electron and neutrino.
However, the SU(2) vertex insertion has no Higgs exchange diagram (Fig. 1b) and thus no d-wave part.
Thus, if we were to use the SU(2) Ward identity to derive the consistent local part to the self energy it
would vanish as well. Thus the self-energy (5.10) is not consistent with (5.17). Hence we modify the vertex
by a local contribution as discussed. We add to the SU(2) vertex a local part of the form
∆V a µji (z, u, v) =
ig2
2
Zτaji γ
µL δ4(z − u) δ4(z − v) . (5.18)
Its divergence is easily calculated to be
∂
∂zµ
∆V a µji (z, u, v) =
ig2
2
Zτaji[δ
4(z − v)− δ4(z − u)]R/∂v δ4(v − u) . (5.19)
With the self energy given in eq. (5.10), the Ward identity (5.17) determines the parameter Z to be
Z =
−3f2
16(4pi2)
Y
(e)
R
Y
(e)
L
. (5.20)
Inserting this vertex renormalization at either of the SU(2) corners of the one-loop lepton triangle (Fig. 3a,b),
we immediately find a result proportional to the one-loop amplitude, whose abnormal parity part ∆V abµνρ is:
∆V abµνρ(0, x, y) =
1
2
(−3f2l )
16(4pi2)
Y
(e)
R Tr τ
aτbBµνρ(0, x, y)
= −1
2
Y
(e)
R Tr τ
aτb Σµνρ(0, x, y) , (5.21)
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where Bµνρ and Σµνρ are given in (3.5) and (3.23) (with (f
2 − 12g2)→ f2), respectively. There is a similar
contribution when the vertex correction is placed at either of the SU(2) corners of the lepton triangle.
The contribution from the diagram (Fig. 1g) with the self energy (5.10) inserted at any of the three legs
of the triangle is easily calculated to be
Σˆabµνρ =
1
2
Y
(e)
R Tr τ
aτb Σµνρ . (5.22)
The nonplanar diagram with the Higgs current placed at the U(1) vertex vanishes because the chiral
projectors at the Yukawa vertices annihilate the propagating fermions. The abnormal parity contribution
from each of the two remaining nonplanar diagrams is
Nˆ (x)abµνρ = Nˆ
(y) ab
µνρ =
1
4
Y
(e)
R Tr τ
aτbNµνρ . (5.23)
Recall again that in the pure axial case the relative contributions of the self-energy, vertex and nonplanar
graphs were in the ratio 3 : 1 : −4, summing to zero. Adding the contributions in the effective finite gauge
from (5.12) and (5.21–5.23) gives the now familiar result:[ (
− 1
2
· 2 + 1
2
· 3
)
· 3︸ ︷︷ ︸
vertex correction
+self energy
+
1
2
· 1︸︷︷︸
vertex
+
1
4
· 2 · (−4)︸ ︷︷ ︸
nonplanar
]
Y
(e)
R Tr τ
aτb = 0. (5.24)
5.4 〈J1(z)J3(x)J3(y)〉
We proceed as in Section 5.3. The difference here is that SU(3) couples only to quarks and the coupling is
nonchiral. First we check that the effective finite gauge mechanism works in this case. Again, the two quark
Yukawa couplings fd and fu contribute independently at the two-loop level. (They do not mix because of the
relative chirality flip between the two couplings, as can be seen by trying to draw a two-loop Higgs exchange
diagram with both Yukawa couplings). Furthermore, the contribution from fu is obtained from that of fd
by the interchange of YL and YR. We calculate the contribution from the fd coupling here.
With the one-loop Higgs exchange vertex inserted at the U(1) corner (Fig. 1b) we get
Vˆ (1 z)ABµνρ = 2 · 2TrTATB (Y (d)R − Y (d)L )V (1)µνρ = −4TrTATB V (1)µνρ . (5.25)
At each of the SU(2) vertices it contributes the same except for a negative sign which can be traced to the
vector nature of the SU(3) coupling,
Vˆ (1x,y)ABµνρ = −2 · 2TrTATB (Y (d)R − Y (d)L )V (1)µνρ = 4TrTATB V (1)µνρ . (5.26)
Since the Higgs is an SU(3) singlet the only vertex diagram including the Higgs current (Fig. 1c) is from
the U(1) corner of the triangle. It contributes
Vˆ (2 z)ABµνρ = −2 · 2TrTATB V (2)µνρ . (5.27)
The U(1) gauge boson exchange diagram (Fig. 1d) contributes at each corner of the triangle
Vˆ (3 z,x,y)ABµνρ = −2
∑
quarks
(Y 3L − Y 3R)TrTATB V (3)µνρ . (5.28)
Recalling that in the previous case the diagrams of Fig. 1b,c,d appeared in the ratio 1 : −2 : γ/2, we find
the effective finite gauge condition either by summing over the three corners of the triangle or by summing
the contributions at any particular corner.
1 +
γ
4
∑
quarks
(Y 3R − Y 3L ) = 0 . (5.29)
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One can easily check that the same condition follows from making the singular 1/(v − u)5 parts of the
self-energy cancel.
For aesthetic reasons we choose not to introduce a parity non-conserving correction to the SU(3) fermion
vertex but rather introduce a correction to the ambiguous part of the U(1) vertex. Then in the self energy
insertion Fig. 1g we determine the ambiguous local part of the self energy via the relevant SU(3) Ward
identity and the d-wave part of the integrated SU(3) quark vertex. The relevant identity is
∂zµ V
Aµ
JI = ig3[δ
4(z − v)− δ4(u− z)]TAJI Σ3(u − v) , (5.30)
where the notation is as before, with I and J SU(3) indices. We calculate the d-wave part of the vertex V AµJI
to determine the relevant ambiguous part of the self energy which contributes when inserted in the fermion
triangle. We find
Σi3(z − v) =
−3f2d
16(4pi2)
(2Lδi(d) +R)/∂z δ
4(z − v) . (5.31)
where the δi(d) means that the right handed down (but not up) quark receives a self-energy contribution.
Inserting this self energy in the fermion triangle Fig. 1g gives
ΣˆABµνρ = −4TrTATB Σµνρ , (5.32)
with Σµνρ given by (3.23) with (f
2 − 12g2)→ f2. Next we calculate the correction to the U(1) vertex which
makes it consistent with gauge invariance. Assume a correction of the form
∆V µi (z, u, v) =
(
ig1
2
)
γµ(αiL+ βiR) δ
4(z − u)δ4(z − v) . (5.33)
It’s divergence is
∂zµ∆V
µ
i (z, u, v) =
ig1
2
(αiR+ βiL) [δ
4(z − u)− δ4(z − v)] /∂u δ4(u− v) . (5.34)
Recall the U(1) Ward identity
∂zµ∆V
µ
i (z, u, v) = −
ig1
2
[δ4(z − u)− δ4(z − v)](Y iRL+ Y iLR)∆Σi(u − v) , (5.35)
where ∆Σi(u− v) is for our purposes
∆Σi(u− v) = Σi3(u− v)− Σi1(u− v) =
3f2d
16(4pi2)
(
2
Y
(d)
R
δi(d) L−
1
Y
(d)
L
R
)
/∂uδ
4(u− v) . (5.36)
Comparing (5.34) with (5.35) and (5.36) determines α and β, giving
∆V µi (z, u, v) =
ig1
2
(
3f2d
16(4pi2)
)
γµ [L− 2δi(d)R] δ4(z − u)δ4(z − v) . (5.37)
Inserting this at the U(1) vertex of the basic fermion triangle (and summing over the u and d quarks) gives
for the abnormal parity part
∆V ABµνρ = 8TrT
ATB Σµνρ , (5.38)
where again Σµνρ is given by (3.23) with (f
2 − 12g2)→ f2. Finally, the only nonplanar diagram contributes
Nˆ (z)ABµνρ = −4TrTATBNµνρ . (5.39)
Once again, summing the contributions from (5.25), (5.26), (5.32), (5.38) and (5.39) gives zero total
contribution to the axial part of the 〈J1J3J3〉 correlator, which is proportional to[
(8− 4 · 3) · 3︸ ︷︷ ︸
vertex correction
+self energy
− 4 · 1︸︷︷︸
vertex
− 4 · (−4)︸ ︷︷ ︸
nonplanar
]
Y
(e)
R TrT
ATB = 0. (5.40)
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6 Supersymmetric Gauge Theories
Techniques very similar to those of this paper were applied in a recent study of the operator product algebra
of conserved currents of SUSY gauge theories [15]. The required calculations were very briefly summarized
in [15], and we will discuss some aspects in more detail here.
N = 1 SUSY gauge theories contain component fields Aaµ(x) and λ
a(x), gluons and gluinos respectively,
in the adjoint representation of a gauge group G, and complex scalars φi and their spinor partners ψi
which transform in a representation of G with Hermitian generators T a ij . There are gauge interactions with
gauge coupling g and a cubic superpotential with complex coupling Yijk which is totally symmetric. Using
Euclidean Majorana spinors [24], the action is
S =
∫
d4x
[
1
4
F 2µν +
1
2
λD/λ+DµφDµφ+
1
2
ψD/ψ
+i
√
2g(λ
a
φiT
ai
jLψ
j − ψiRT aijφjλa)
−1
2
(ψ
i
LYijkφ
kψj + ψiRY¯
ijkφkψj)
+
1
2
g2(φiT
ai
jφ
j)2 +
1
4
YijkY
ilm
φjφkφlφm
]
. (6.1)
The theory has two classically conserved, but anomalous, axial currents, the R-current and the Konishi
current
Rµ(x) =
1
2λγµγ5λ− 16ψγµγ5ψ + 23φ
←→
D µ φ
Kµ(x) =
1
2ψiγµγ5ψ
i + φi
←→
D µ φ
i . (6.2)
Actually Kµ is conserved classically only if Yijk = 0. The operator prodect algebra of Rµ and Kµ contains
two central charges c and c′, and the principal result of [15] was evidence for a universality property of
the interaction dependent radiative corrections to c and c′. For c′ this information was obtained from a
study of two-loop contributions to the two and three-point correlation functions of the currents, including
the correlator 〈Rµ(x)Rν(y)Kρ(z)〉. Earlier work [25] could be modified to obtain the required information
about c. Internal gauge and superpotential interactions can be treated separately in two-loop order.
In the gauge sector, both currents are conserved and have no anomalous dimensions, and conformal
invariance holds, so the amplitude is again a constant multiple of the unique conformal pseudotensor Aµνρ of
(2.10). The Feynman graphs of 〈RµRνKρ〉 involve the gluon and Yukawa interactions of (6.1) after setting
Yijk = 0, and they are the same graphs considered in Sections 3-5 above with different numerical coefficients.
As was the case in the standard model, there are Ward identities relating vertex functions of Rµ(x) and
Kµ(x) to the same self-energy Σ(u − v), and an additional local term is required for one of the currents.
There is some freedom in the assignment of local terms to the currents and self-energy, but the full correlator
〈RµRνKρ〉 is independent of the choice made. Using one convenient choice, and after careful comparison of
all graphs with those of the basic U(1) model of Section 3, it was found that the sum of all one and two-loop
contributions is
〈Rµ(x)Rν(y)Kρ(z)〉 =
[
1
9
dim T +
g2
32pi2
TrT aT a
(
8
3
+
1
3
− 3
)]
Aµνρ(x, y, z) , (6.3)
where Aµνρ is given in (2.10). The order g
2 two-loop amplitude vanishes, with nonplanar, vertex and self-
energy graphs contributing in the ratio 8 : 1 : −9, which is different from the ratios in (3.30). The net result
is an Adler-Bardeen theorem for the 〈RµRνKρ〉 correlator, since the sum of virtual gluon graphs can again
be shown to vanish by previous work [13].
The effect of the superpotential interactions was also considered in [15]. However it was simpler to replace
the current Kρ(z) by its scalar superpartner K(z) = φ(z)φ(z), which is a scalar mass operator of canonical
dimension two, and study the correlator 〈Rµ(x)Rν(y)K(z)〉. The operator K(z) (as well as Kρ(z)) acquires
an anomalous dimension of order YijkY
ijk
. An anomalous dimension is consistent with conformal symmetry,
and the correlator can be shown to be conformal covariant through two-loop order. Inversion, conservation
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and scale properties can be used to fix its tensor form up to a multiplicative constant [15]. The graphs
contributing to 〈RµRνK〉 are typically subdivergent because they contain subdiagrams with gauge invariant
anomalous dimension. Nevertheless in this more complicated situation the conformal inversion technique
could be combined with differential regularization [14] to compute all contributing Feynman diagrams.
All results for c′ obtained by the conformal methodology of this paper were verified by an alternate
method of calculation in which the four-point correlation function 〈Rµ(x)Rν(y)Rρ(z)Rσ(w)〉 was studied in
the relevant asymptotic region using regularization by dimensional reduction in intermediate stages of the
calculation. The explicit use of Ward identities to determine ambiguous local terms in self-energy and vertex
insertions was not required in this approach, so agreement of the results of the two methods provides a check
on this aspect of the conformal approach.
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A Appendix
We discuss here the convolution integrals required in Section 3 to elucidate the finite gauge mechanism and
determine the local part of the self-energy, and to calculate the two-loop nonplanar and vertex insertion
diagrams for the anomalous correlation function 〈Jµ(z)Jν(x)Jρ(y)〉.
We use the method [23] of Gegenbauer polynomials, which appear naturally because their generating
function is the scalar propagator
1
(x− y)2 ≡
1
x2
∞∑
n=0
( y
x
)n
Cn(xˆ · yˆ) |x| > |y|
xˆµ =
xµ
|x| yˆµ =
yµ
|y| xˆ · yˆ = cos θ (A.1)
Cn(cos θ) =
sin(n+ 1)θ
sin θ
. (A.2)
The orthogonality relation obeyed by these polynomials is∫
dxˆCn(xˆ · yˆ)Cm(xˆ · zˆ) = 2pi2 δnm Cn(yˆ · zˆ)
n+ 1
. (A.3)
where dxˆ = sin2 θ sinφdθ dφ dξ is the angular integration measure for the xˆ variable.
We first list the integrals, and then comment briefly on their evaluation. We use the notation ∆ = x− y.∫
d4v
v2(v − x)2 = −pi
2 ln
x2
R2
(A.4)∫
d4v
(v − x)ρ
v2(v − x)4 = −pi
2 xρ
x2
(A.5)∫
d4v
(v − x)ρ (v − y)σ
(v − x)4(v − y)4 =
pi2
2∆2
(
δρσ − 2∆ρ∆σ
∆2
)
(A.6)∫
d4v
(
vρvσ − 14δρσ v2
)
v4(v − x)2 =
pi2
2x2
(
xρxσ − 1
4
x2δρσ
)
(A.7)∫
d4v
(
(v − x)ρ(v − x)σ − 14δµσ(v − x)2
)
(v − y)λ
(v − x)4(v − y)4 =
−pi2
4∆2
(
δρλ∆σ + δσλ∆ρ − 2∆ρ∆σ∆λ
∆2
)
(A.8)∫
d4v
(
vρvσ − 14δρσv2
)
v6(v − x)2 =
pi2
2x4
(
xρxσ − 1
4
x2 δρσ
)
(A.9)
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∫
d4v
(
(v − x)ρ(v − x)σ − 14δρσ (v − x)2
)
(v − y)λ
(v − x)6(v − y)4
=
−pi2
8
[
2δλρ∆σ + 2δλσ∆ρ + δρσ∆λ
∆4
− 8∆λ∆ρ∆σ
∆6
]
(A.10)
To evaluate (A.4) one applies (A.1) to the factor 1/(v − x)2 including both regions v < x and v > x,
which have different dependence on the radial variable v. The quantity R is a temporary cutoff which has
no effect on the integrals used in Section 3. The result (A.5) is obtained by differentiation of (A.4), and
(A.6) is obtained by replacing x → x − y = ∆ in (A.5), changing integration variables to v′ = v + y, and
then differentiating with respect to y. To evaluate (A.7) or (A.9) one takes the scalar product with xρxσ,
so that the integral contains the explicit Gegenbauer polynomial C2(xˆ · vˆ). One then applies (A.1) to the
factor 1/(v− x)2 and uses orthogonality (A.3). Finally, (A.8) and (A.10) are obtained from (A.7) and (A.9)
respectively by replacement x→ x− y = ∆, shift of integration variables and differentiation with respect to
y.
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